The paper aims to describe the potential use of phase trajectory for damage detection of structural components. The attractor of the examined trajectory is a static equilibrium point of the element being diagnosed. Two dierent damage indices are proposed to evaluate the severity of damage in the diagnosed component. The rst one refers to distance between a point on a trajectory and the point which is the attractor of the trajectory. The other one relates to linearity of the Poincaré map. Eectiveness of the proposed method was evaluated on: a simple model with two degrees of freedom, data from the nite element method model of a cantilever beam with a crack, and experimental data for a cracked plate. With the proposed method, the damage can be quickly and eectively detected. By comparing the current trajectory with that from the previous diagnostic test, it is possible to establish if the nature of crack is either propagating or stationary.
Introduction
Owners and users of building, mechanical, aviation, On the one hand, occurrence of a macrocrack causes discontinuity of the material, which can be detected with ultrasonic, magnetic and eddy current testing or, in most cases, by visual inspection [1] . On the other hand, the faults change the physical properties of the structure being studied and their appearance is reected in variations of their dynamic characteristics. Such property is the basis for vibroacoustic diagnostics which allows to detect local faults by measuring global values. Symptoms of damage are sought in variations of, among others: frequency of the natural vibration [28] , modal shape [914] , damping coecients [15, 16] , forced vibration amplitudes * e-mail: majkut@agh.edu.pl Observation and analysis of vibroacoustic processes can be used for detection, localization and quantication of damage in locations which are dicult to access or even inaccessible [32] , and with the possibility to detect such damage quickly and at relatively low cost, the vibroacoustic method has become an eective and frequently used nondestructive testing (NDT) technique applied to determine the technical condition of structures.
The present paper aims to describe the potential use of phase trajectory, the attractor of which is a static equilibrium point of the element being diagnosed (static deection of the component).
The eectiveness of the proposed method was, at rst, tested on a simple model with two degrees of freedom (dofs). The damage was modelled by simultaneous changing the stiness and damping coecients connecting the dofs. Two dierent damage indices are proposed to assess the severity of damage.
After testing the eectiveness of the proposed method on a simple model with two dofs, it was tested with the nite element method (FEM) model data of a cantilever beam with a crack and using experimental data recorded for an aluminium plate cracked across the material. Each dynamic system can be described with a system of dierential equations:
where x state vector, u(t) input (forcing) vector.
Unfortunately, for the most of dynamic systems, complete information regarding the velocity and displacement of all points (degrees of freedom) is not available.
Exhaustive description of the system in phase space can be obtained also if system attractors are known. The attractor is a certain set in the phase space to which trajectories beginning in various areas of the phase space evolve after a long enough time, i.e. trajectories for various initial conditions.
The attractor can be a point, a closed curve (limit cycle), a manifold (e.g. limit torus) or a fractal (strange attractor). Attractor is one of the key terms used in chaos theory [33] . Each attractor has its attraction area, known as the attraction basin (a set of such initial conditions for which the trajectory evolves to the attractor).
The potential use of the limit cycle quantitative analysis for a structural components diagnostics has been described in other papers of the present author, e.g.
[3436]
and Trendalova [37] . The present paper focuses on the potential uses of the quantitative analysis of a trajectory in case when the attractor is a point.
Phase trajectory in phase space is a multidimensional curve (each degree of freedom is represented as its separate dimension). With no harm to the general nature of consideration, trajectory projection on certain plane, formed by two perpendicular axes of the phase space, can be analysed [33, 38] .
In the next section various coordinates of axes forming the projection plane for the phase trajectory are described. In other words, those are the variables (e.g. acceleration, velocity, displacement) of one point of the component or structure being diagnosed, which can be used for determining the trajectory projection plane.
Methods for determining trajectory
The most apparent coordinates of the plane on which the phase trajectory can be projected are used for topo- 
where m dimension of the phase space, τ time delay.
Reconstruction of the space with the method of delays requires its dimensional parameter m and the time delay τ to be adopted a priori. I(x i , T ), is obtained from the equation [40] :
where p(x i (n)) is the marginal probability distribution function of the analysed series, T is time delay, p(x i (n), x i (n + T )) is the joint probability distribution function, N number of samples in a time series.
According to that method, as the value of time delay and undamaged (dashed line) system.
In Fig. 2 , the initial and nal parts of vibration were omitted, otherwise such samples would make the gure illegible. Fig. 2 . Phase trajectory variation due to damage.
The author proposes to carry out quantitative analysis of the trajectory using two damage indices. The rst one, refers to the distance between a point on a trajectory and the point which is the attractor of the trajectory. That is why the location of each point on the trajectory should be described by polar coordinates (r, ϕ). Figure 3 shows fragments of an example of r(t) vector for an undamaged (continuous line) and damaged component (dashed line). Fig. 3 . Distance between the point on phase trajectory and the attractor.
As the damage index a sum of relative dierences of r vectors is proposed. Such damage index DI r is dened by the formula: The proposed damage index involves the sum of relative dierences of angle vectors ϕ of the Poincaré map. Such DI ϕ index is dened by:
where ϕ d vector of polar coordinates of the Poincaré map determined for a damaged element, ϕ h vector for a healthy (or reference) component, N 2 number of samples on the Poincaré map. Figure 6 shows the two proposed damage indices as a damage function for the two dofs system (shown in Fig. 1 ).
After testing the eectiveness of the proposed method on a simple model with two degrees of freedom, its eectiveness was checked on a numerical model of a cantilever beam with a crack.
Analysing trajectory of a cracked beam simulation tests
The phase trajectory was determined by simulation of an impulse response of the beam with crack of dierent depth a showed schematically in Fig. 7 . 6. Analysing trajectory of a cracked plate experimental tests 
